Ways of Knowing Science-ILS 153

Homework 7: Exponentials
November 5, 2009: Due November 12, 2009

Name_____________________

In this homework, we will think about exponential functions and exponential decay (not growth).  It is exactly the same principle as exponential growth, but in reverse.

Part 1: Exponential functions
Now, we can about what happens when exponential functions have negative values.  All negative exponential values are between 0 and 1.  If the number is a very small negative number (-0.00001), they value will be close to 1 (0.99).  If the number is a very large negative number (999999999), the value will be close to 0.  So, just to make sure you can do this, let’s do a few warm up exercises.

e0 = ___________________ (Note, any number raised to the first power is that number)
e-0.1 = ___________________ (=2.718 * 2.718 *2.718)
e-3 = ___________________
e-20 = ___________________
Part 2: The math of changes
Exponential decay is exact opposite as exponential growth.  The rate of loss is proportional to the function’s current value.  This is critical for radioactivity.

It turns out that most mathematical approximations of physical reality do not describe it exactly.  So, for people who really care (like engineers), we often put in small fudge factors that describe how the actual material deviates how we expect the material to behave.  The one exception is radioactive decay - the more accurately we measure it, the more exactly it behaves to according to exponential decay.  

For exponential decay, the amount of loss depends on what you have right now.  Mathematically, this is given by a differential equation.

Change in value 

_____________ 
=   - constant x value (not the minus sign)

Change in time 

The equation that satisfies that differential equation is an exponential function.  You can calculate the amount of a value over time with the equation:

x = A exp (- k t)

So, if you know the time (t) and the amount you started with (A), you can calculate the final amount.

Part 3: Dating stuff  

For climate change, it is critical to know how old samples are, to see how fast the climate has changed in the past.  Some dating is based on annual cycles, such as counting tree rings or layers in ice cores.  Most dating, however, is based on radioactive decay.  The idea is that radioactive elements (parent) are incorporated into minerals, and then they decay into other elements (daughter).  You can tell how old a rocks is, just by knowing: 1) How many parent atoms; 2) How many daughter atoms; and 3) How long it takes ½ of the parent atoms to turn into daughter atoms (a concept known as half-life).

For instance, have you ever wondered how they know how old trees or building are?  Or a mummy? It turns out that you can date plant material, because Carbon-14 (a radioactive isotope) will decay to Carbon-12 (a stable isotope).  The ratio of Carbon-14 to Carbon-12 is approximately constant in the atmosphere.  However, once the carbon is incorporated into a tree, all of the Carbon 14 will eventually change into Carbon 12.  The half-life is 5,700 years.  Thus, by calculating the amount of Carbon 14 left in piece of wood, you know how old it is. 

So, say you have 4000 atoms of Carbon 14 originally in the wood, and you want to know how many you have left after a certain amount of time.  The equation has the form:

x = A exp (- k t)

What is the A value?________________

In this case, the k value is 0.693/halflife (0.693 divided by the half-life)?  Write it:___________
How many Carbon 14 atoms are left after 5, 700 years?____________

How many Carbon 14 atoms are left after 18,000 year? (Age of the maximum extent of the glaciers)?______________

How many Carbon 14 atoms are left after 3,000 years (Let’s pretend that it is from the wrapping of an Egyptian mummy)?____________

Part 4: Age of the Earth
Now, we are going to do the calculation in reverse to determine the age of the Earth (this is what Clair Paterson did).  Meteorites contain Uranium, which decays to Lead.   The half-life of Uranium-238 is 4.5 x 109 years.  We want to know how much Uranium 238 was left in the samples, because the Earth (and the rest of the solar system) is 4.55 x 109 years old.

Here is the equation:  x = A exp (-k t)

Using the information use above for Carbon dating, calculate a new k for Uranium-Lead 

dating: _________________________

Assume you have 100000 Uranium 238 atoms 

Write t:_____________

Calculate the number of atoms left:_________________

Now, in words, explain why that mathematical answer makes sense.
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