Ways of Knowing Science-ILS 153

Homework 7: Exponentials
November 5, 2009: Due November 12, 2009

Name_____________________

In this homework, we will think about exponential functions and exponential growth.  Ok, it sounds dull when you say it that way, but they are very important to understand things about the natural world.  For our purposes, they matter mostly for populations.

Part 1: Exponential functions
The exponential is a kind of cool function.  It is given by the letter ex or written out as  exp (x).  In fact, it is just a number: 2.718 to specific.  The deal with exponentials is that you just raise that number to a certain power.  When we talk about “raise a number to a certain power”, it just means multiplying it by itself.  So, e2 =2.7182 = 2.718 * 2.718 = 7.389.  Since the number isn’t always an integer, it is just easier to use a calculator.  So, just to make sure you can do this, let’s do a few warm up exercises.

e1 = ___________________ (Note, any number raised to the first power is that number)
e3 = ___________________ (=2.718 * 2.718 *2.718)
e1.3 = ___________________
e20 = ___________________
ea + b = ___________________, if a=3 and b=1.4
ea * b = ___________________, if a=3 and b=1.4
Part 2: The math of changes
According to Wikipedia, a sometimes reliable source:

Exponential growth (including exponential decay) occurs when the growth rate of a mathematical function is proportional to the function's current value. 

There is a lot of wisdom packed into that sentence.  What that means is that the amount of growth depends on what you have right now.  Mathematically, this is given by a differential equation.

Change in value 

_____________ 
=   constant x value

Change in time 

Or, if we let the value be the variable x (and constant be k), we can rewrite this as:

dx/dt  = k x

The “d” just means the change in that variable.  As it says above, the growth rate (dx/dt - the change in x with respect to a change in t) of a mathematical function is proportional (k) to the function's current value (x). It turns out that you are now dealing with calculus, which is what Newton figured out, because he also wanted to understand how things change over time.  In fact, scientists generally want to know how something changes with time or changes with space: Differential equations drive a lot of science.
The equation that satisfies that differential equation is an exponential function.  You can calculate the amount of a value over time with the equation:

x = A exp (k t)

So, if you know the time (t) and the amount you started with (A), you can calculate the final amount.

1. Assume that A = 100.  Assume k=2.  Solve the equation for t = 1, 3, and 5.  Write the answer below

2. Assume that A = 10.  Assume k=2.  Solve the equation for t = 1, 3, and 5.  Write the answer below.

3. Assume that A = 100.  Assume k=1.2.  Solve the equation for t = 1, 3, and 5.  Write the answer below.

4. What is the effect of having a large A value?

5. What is the effect of having a large k value?

6. For a large amount of time (t), is A or k the more important parameter?

Part 3: Populations  

There is a nice website that graphs how exponential curves work with respect to a population.  First, read this page:

http://www.otherwise.com/population/index.html
Then, read this page and use the applet:

http://www.otherwise.com/population/exponent.html 
The applet has a simulation. Do a series of simulations using birth rates of 1.0, 1.2, 1.4, 1.6, 1.8, and 2.0. Step or Run the population for 20 generations. Write the final number of individuals below:

1.0:_________________________

1.2: _________________________

1.4: _________________________

1.6: _________________________

1.8: _________________________

2.0: _________________________

What is the shape of the curve for all of the above graphs (choose the “View Graph” part of the applet)?  Sketch a graph for the 1.2 and 1.6 values above (the numbers don’t need to be exact, but label the axes):

What is the A value (from part 1) for this simulation?________________

What is the k value (from part 1) for this simulation (in the case of 1.2)?__________
Time is given explicitly as the time for a generation to reproduce.  If it takes 3 years for a fish to reproduce, how much time does 20 generations take?

Part 4: Human Population
In 1930, there were 2 billion people on the planet.  In 1970, there were 4 billion people on the planet.   Assume that the curve is exponential.  How many people are on the planet now (in 2009)?

Like all problems, take this problem apart into pieces in order to solve it.

First, decide what year you will take as your reference (the earliest time you have).  This is 1930 in our case.

Then, what 2 variables do we need to know?  Write them:___________________

We can solve for k because we know the population at two different times.  

Here is the equation:  x = A exp (k t)

We have four variables and three known values.

x is the number of people in 1970 = _____________

A is the number of people in 1930 = ______________

t = number of years between 1970 and 1930:_____________

Now, we can solve for k.  We can do that by taking the logarithm of each side.  This puts the equation in this form:

ln (x) = (ln A) k t

Note that ln is the natural log.  To make sure you know what you are doing, make sure that you can solve one on your calculator: ln (2.718) = 1.  The ln and exp functions cancel each other out.  Regardless, manipulate this equation so only k is on one side.

Now, substitute all of the above values.  What is the value of k?  Write it below.

Now, figure out what is the population at 2009.

Below, write the variables you know.

Then, write the equation you want to solve.

Population in 2009:

Now, figure out what is the population at 2100.

Below, write the variables you know.

Then, write the equation you want to solve.

Population in 2100:

Part 5: Relating math to reality  

The single most important thing to know about exponential growth is this: It cannot go on forever.  Something will eventually stop the exponential growth from happening.  Moreover, it is an example of a positive feedback, which “invariable leads to disasters” (A quote from G. Oertel).  We’ll talk about positive feedbacks more in climate change.

There are three things that are proven to reduce the number of children in a human population.  They are: 1) Women’s education level; 2) Having children later in life; and 3) Having fewer children.  Explain, mathematically, why the latter two matter (what variable(s) do they relate to).
Explanation:
5.

