Atmospheric Vertical Structure and the First Law of Thermodynamics
Tony Hansen

Department of Earth and Atmospheric Sciences

St. Cloud State University

St. Cloud, MN

Solutions to Exercises:  First Exercise
We will construct a pressure-volume diagram (actually an (p) diagram where  = specific volume) for a process in which a sample of dry air is moved adiabatically from 1000 mb to 100 mb.  Parts of this exercise can be done in a spread sheet program, but they can also be done by hand.  
1.
First, derive an expression from which to compute , given p and .  

Use the equation of state to substitute for the temperature in the definition of  to get:
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2.
Use this expression to fill in the table below.

	P (mb)
	 (=310K)
	 (=250K)

	100
	0.89
	0.72

	200
	1.00
	0.81

	300
	1.15
	0.93

	500
	1.46
	1.18

	700
	1.71
	1.38

	850
	2.10
	1.69

	1000
	2.80
	2.26


3.
Plot your results, labeling your axes appropriately.  Your (x,y) coordinates are (,p), with p increasing downward as in the atmosphere.  
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4.
If a parcel were lifted adiabatically from 1000 mb to 600 mb along the =310K adiabat, can you determine its temperature at 600 mb from your diagram?  Explain how you’d determine its temperature and indicate your answer.  
You can’t tell the parcel’s temperature directly.  You can estimate  from the diagram and then compute T from the equation of state.  From the diagram,  is about 1.3 m3/kg, so the temperature is 
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5.
What would be a more meteorologically useful x-coordinate on this diagram?  

Temperature would be much better since it is a directly measurable quantity.  We can easily recast the p- diagram by use of the equation of state of the atmosphere.  
6.
Take the definition of potential temperature, 
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 and rewrite it as an equation for a straight line in which the value of  defines the slope of the line.  (Hint:  The x-coordinate will be the one chosen in the previous problem and the y-coordinate should be a function of pressure.)  
Using the definition of q, we want to write an equation in the form of a straight line, namely y=mx+b.  If the x-coordinate is to be temperature and the y-coordinate should be a function of pressure, letting =Rd/cp, we get:
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This defines adiabats as straight lines in which the slope of the line, 
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, is a function of  and the y-intercept, b, is zero.  The resulting diagram is simply a “pseudo-adiabatic chart” (a “pA chart”) which is also known as a Stüve diagram.  Such a diagram lacks one of the key desirable characteristics of a meteorological thermodynamic diagram (that equal areas on the diagram represent equal energies), but it has been popular in the past amongst operational meteorologists.  It is much less popular today in comparison to the skew T-log p diagram.  Thermodynamic diagrams are discussed in greater detail later in the course.  

7.
Plot the two adiabats from problem 3 in this new coordinate system.  Label your axes appropriately.  
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Clearly the adiabats plotted are straight lines which makes following the state of a parcel as it rises to lower pressures simple to follow and easy to interpret in terms of measurable quantities.

8.
If a parcel were lifted adiabatically from 1000 mb to 600 mb along the =310K adiabat, can you determine its temperature at 600 mb from your new diagram?  Explain how you’d determine its temperature and indicate your answer.  (Is it easy to infer what will happen to the temperature for a rising or descending parcel under adiabatic conditions?)
The crude scale of the Excel generated figure above is a limiting factor, but p=600 mb = 60000 Ntm-2 corresponds to p=23.3, so T~266K reading off the coarse plot above.  The precise computed value is 268K.
Second Exercise:

Next consider a case of an actual atmospheric sounding.  Given the data from the 12Z sounding tabulated below:

	Pressure

(mb)
	Height

(m)
	Temp.

(ºC)
	Dew Point

(ºC)
	w

(g/kg)
	



	991
	329
	-6.9
	-7.7
	2.17
	266.8

	946
	698
	2.8
	-12.2
	1.59
	280.2

	925
	879
	1.4
	-12.6
	1.58
	280.6

	850
	1551
	-4.9
	-13.9
	1.54
	280.9

	820
	1832
	-7.5
	-14.5
	1.52
	281.1

	804
	1985
	-8.9
	-14.9
	1.50
	281.2

	765
	2373
	-5.9
	-32.9
	0.32
	288.4

	700
	3067
	-6.7
	-40.7
	0.16
	295.0

	648
	3658
	-10.4
	-42.8
	0.14
	297.4

	500
	5610
	-24.1
	-54.1
	0.05
	303.7

	400
	7200
	-35.5
	-49.5
	0.10
	308.9

	250
	10280
	-61.5
	-67.5
	0.02
	314.8

	218
	11120
	-65.9
	-71.9
	0.01
	320.7

	150
	13460
	-57.5
	-78.5
	0.01
	371.5

	100
	16030
	-56.9
	-81.9
	0.00
	418.5


1.
Compute the values for the potential temperature to fill in the table.  
2.
Plot the vertical profiles of the temperature, potential temperature and the dew point temperature on the same plot.  Use pressure (decreasing upward) as the vertical axis and temperature as the horizontal axis.  Briefly discuss their comparison (how do they vary with height, etc.).
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Except for three temperature inversions in this sounding (see below), the temperature decreases with altitude, the dew point temperature also generally decreases with altitude, but the potential temperature increases with altitude.  Note that  > T at all levels of this sounding since p < 1000 mb.  
3.
Based upon the conservative properties of , where is the “warmest” air in this sounding?  Explain briefly.

Because the potential temperature represents the temperature the air would have if it were moved adiabatically to a pressure of 1000 mb, clearly the air higher in the sounding possesses a higher potential temperature.  This indicates that in absolute terms, the air aloft is warmer than the air near the surface.  This is always true in a stably stratified atmosphere.  Later in the course, the static stability will be defined in terms of the vertical derivative of the potential temperature, 
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4.
Identify three temperature inversions on your plot by computing the temperature lapse rate for each layer of the sounding.  (Remember that in a temperature inversion, the lapse rate 
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[image: image11.wmf]0

p

T

<

¶

¶

.)  How does the lapse rate of potential temperature in the inversion layers compare to that in other parts of the sounding?  Explore this by also computing 
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for this sounding.  
In the first table below, z and -z were computed as finite difference approximations.  The values for each layer are entered in the table for the level at the top of the layer.  Note the three layers where -z < 0 and also notice how much larger z is in these layers.  

	Pressure
	z
	-z

	(mb)
	(K/km)
	(K/km)

	991
	 
	 

	946
	36.4
	-26.3

	925
	2.1
	7.7

	850
	0.4
	9.4

	820
	0.6
	9.3

	804
	0.7
	9.2

	765
	18.8
	-7.7

	700
	9.5
	1.2

	648
	4.1
	6.3

	500
	3.2
	7.0

	400
	3.3
	7.2

	250
	1.9
	8.4

	218
	6.9
	5.2

	150
	21.7
	-3.6

	100
	18.3
	-0.2


	Inversion
	Pressure Layer
	Type of Inversion

	1
	991-946 mb
	Radiation inversion

	2
	804-765 mb
	Subsidence inversion

	3
	218-100 mb
	Tropopause


The second inversion with its characteristic temperature inversion accompanied by a sharp decline in water vapor content indicated by the sharp drop in the mixing ratio and in the dew point temperature is indicative of the warming and drying of a layer due to subsidence.  It is probably too early in the course to talk about this in detail, but it affords an opportunity to look ahead to material that will be coming later in the course.  Also note how clearly delineated the stratosphere is in the sounding as  increases sharply above the tropopause.  
5.
What is the lapse rate of potential temperature in the layer from 925 mb to 804 mb?  Why does it differ from that in the layers above and below it?  What is the distribution of moisture in this layer?  Explain how this layer might have achieved this structure.
The potential temperature, , is approximately constant in this layer. Inversions in which  increases rapidly with altitude (indicating high static stability) exist above and below this layer.  The water vapor mixing ratio, w, is also approximately constant in this layer.  This uniformity of  and w is indicative of a “mixed layer” that was probably produced by convective mixing forced by absolute instability of the boundary layer created by solar heating of the earth’s surface the previous afternoon.  
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