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6.  Review of Partial Differential Operations*
1.  Partial Derivatives

Given a certain multidimensional function, A, a partial derivative at some point defines the local rate of change of that function in a particular direction.  If A is a 4-dimensional variable (i.e. A(x,y,z,t)), then the partial derivatives of this function can be written as
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The subscripts on the brackets indicate that those dimensions are held fixed.  


Fig. 7-1 depicts the partial derivative in the x direction.  The partial derivative is approximated by

 
[image: image5.wmf]x

A

x

A

x

A

t

,

z

,

y

D

D

»

¶

¶

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶


[1]

Note how the dimensions being held constant are not normally written, but are assumed. 
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Figure 7-1.  An illustration of a partial derivative.

2.  Gradient Operator

Applying the gradient operator,
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, to a scalar variable B yields the following:
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, or grad B or gradient of B, is directed toward the greatest increase in B.  We can also refer to 
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 as the ascendant of B, and    -
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 is called the descendent of B.  An example using temperature as the scalar variable is shown in Fig. 7-2.  
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Horizontal map view
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Vertical cross section

Figure 7-2.  Sample temperature distributions for gradients.  A standard atmospheric lapse rate of 6.5SYMBOL 176 \f "Symbol"C/km is assumed.  All isotherms are in SYMBOL 176 \f "Symbol"C.


If  T  is temperature in Fig. 7-2 ,  then
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In this example, the direction of the greatest increase in temperature at point B (the temperature ascendant) is downward.  As is typical in meteorology, the vertical and horizontal rates of change differ by a couple orders of magnitude.  Separation of the 7-dimensional gradient into its horizontal and vertical parts proves quite beneficial.  We also use several different vertical coordinates, the most common of which are height, pressure and potential temperature.

3.  Divergence of a Vector Quantity

The divergence of a vector quantity in height coordinates is defined as
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The divergence of the 7-dimensional vector wind, 
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, is 
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The horizontal divergence includes the first two terms.  
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A simple example for horizontal wind divergence is presented in Fig. 7-3.  In this case, the horizontal wind divergence is computed as follows.
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Figure 7-3.  Wind divergence example.  

4.  Advective Term

 The  advective term is defined as the scalar product of the wind vector and the ascendant of some scalar quantity.
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The horizontal component of the advective term can also be expressed as
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An illustration of the components in Eq. 11 is shown in Fig. 7-4.  Note that the advective term is largest when SYMBOL 97 \f "Symbol" is near zero, and smallest when the wind blows parallel to the isolines (SYMBOL 97 \f "Symbol" = 90SYMBOL 176 \f "Symbol"). 
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Figure 7-4.  Advective term parameters. 
5.  The Laplacian of a Scalar Quantity

The Laplacian,(2( ), measures the spatial rate of change of the ascendant.  
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The Laplacian is greatest in magnitude at relative maxima and minima in the function, or in regions of great change of the ascendant.  The Laplacian has negative values in relative maxima and positive values in relative minima.  Further discussion of this topic is presented in later handouts.  

6.  The Curl of a Vector Quantity

The curl of a vector is defined as the vector cross product of the gradient and the vector.
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The curl can also be written in determinate form as follows.
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The most common meteorological application of the curl is vorticity, 
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Of particular interest is the vertical component of the vorticity, SYMBOL 122 \f "Symbol".  
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A simple horizontal wind shear case is illustrated in Fig. 7-5.  
[image: image35.png]



Figure 7-5.  Simple north-south wind shear

SYMBOL 122 \f "Symbol" for this case would be computed as follows.
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Note that this flow distribution would tend to rotate an element placed into it in a counterclockwise direction, yielding a positive relative vorticity. 

________

* Compiled by T. Koehler, Dept. of Economics and Geography, United States Air Force Academy.
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