Problem set #2		Name: _____________________________
A single box model for phosphorus

Objective:  To develop a single box model for simple marine (or closed lake) phosphorous cycle.

What to hand in (on Moodle):
· Completed worksheets (please type your answers in a color other than black)
· A copy of your model script (P_oceancycle.m)
· A document with copies of figures with explanatory captions that illustrate your results

Problem 1.  An oceanic [or closed basin lake] phosphorus cycle model

Construct a single box model for the phosphorus (P) cycle in a basin where P enters the reservoir (ocean) from riverine input (L) and leaves the reservoir through an internal sink due to sedimentation.  Use the following information in constructing your model:

Average (SS) concentration of P in ocean:	Css = [PO4] = 2.1 x 10-6 mol kg-1 seawater
Mass of ocean:				M = 14 x 1020 kg
Average residence time of P in ocean:	= 40,000 yr

Assume that sedimentation is proportional to concentration of P (i.e. k*C)


Apply the steps of model building (S&K p. 11) to develop your model
1.1 Get the physical picture in mind: sketch your box and fluxes



1.2 Define physical processes to be treated and boundaries of the model: define all variables and units




1.3 Write down the laws and transport functions to be used: what is conserved?  What is assumed about sedimentation?



1.4 Identify the restrictive assumptions made: those true for all box models and those specific to the problem as outlined above



1.5 Perform the balance
1.5.1 In words



1.5.2 In symbols (assume mass of ocean (M) is constant in time)



1.6 Check units



1.7 Write down model domain, initial and boundary conditions
1.7.1 Model domain


1.7.2 Initial conditions are not given so start with a small non-zero value (C(t=0) = 1 x 10-10 mol kg-1) and evolve the model toward steady state.

1.7.3 Boundary conditions (you can perform these calculations in your MATLAB script if you like)

1.7.3.1 Use the provided steady-state conditions and residence time to solve for the river flux (L) in mol yr-1

1.7.3.2 Use the balance between inputs and outputs under steady-state conditions to solve for k.

1.8 Verify, calibrate, and solve the model
Implement your model in MATLAB

Use the same basic format that we used last week:
1.8.1 Describe your model in comments at the top of your file
1.8.2 Define constants
1.8.3 Define model domain, initial conditions, boundary conditions
1.8.3.1 Define a variable for your time step (dt) and start by running your model from 0 to 1 x 106 yr with a 1000 yr step.
1.8.4 Initialize vectors to hold 3 solutions: 1) using the forward Euler method, 2) using the Runge-Kutta scheme, and 3) for the analytical solution. (Hint use zeros to define the first variable and then set the second and third equal to the first after you set your initial conditions).
1.8.5 Set the first value in your data vector to your initial condition
1.8.6 Solve the problem using the forward Euler method. Define a loop from n=1:length(data)-1.  Within this loop use the ODE from 1.5.2 above to solve for the derivative at tn and then multiply this value by dt and add it to the current value concentration (tn) to estimate the next value concentration (tn+1).
1.8.7 Solve the problem using the second-order Runge-Kutta scheme. Once again loop through the time steps, but now make an initial estimate of the concentration (tn+1) value using the Euler method, use this estimate to calculate the slope at tn+1 and then use the average of the slopes to make an improved estimate of concentration (tn+1).
1.8.8 Calculate the analytical solution
The known solution for our differential equation is:

	 	
		
(Modified from S&K eq. 3.7).  Where C0 is the initial concentration. No need for a loop here.  You can calculate the values for all time steps in your vector in one step.  Use exp(-k*t) for the e-kt term.
1.8.9 Plot your results to verify your model (i.e. determine if your implementation is correct). You may want to make a plot of the raw results as well as one that plots the error of the models in comparison to the analytical solution. Be sure to include legends.

1.9 Questions for thought:
1.9.1 How accurate are your numerical solutions?

1.9.2 Does the accuracy depend on the value you use for your time step (try some longer steps for comparison)?

1.9.3 How long does it take for the ocean to reach steady-steady state conditions (say 99% of the given steady-state concentration)? You can answer this question precisely using the MATLAB command t(find (Cmodel>=0.99*Css,1)). The find command returns all indices where the logical statement (>=) is true. Adding the “, 1” returns only the first value, which is then used to find the value of the time vector at the equivalent index.

1.9.4 What is the response (e-folding) time for this system? (i.e. time to increase by a factor of e, ~63% of the steady state value).  This is analogous to half-life.

Problem 2.  Modeling the anthropogenic effect

[bookmark: _GoBack]It is estimated that humans have roughly doubled (or perhaps tripled (see Bennett et al., 2001)) the input of phosphorous into the oceans in industrial times (say the last 100 years). Use your box model from problem 1 to explore the effect of this change on ocean chemistry.

2.1	What will happen to the long-term concentration of P in the oceans if the new higher river flux continues for a million years into the future?  You can implement this model in MATLAB by adding an if-then statement:

if t(n)<5e5 % initialize model over a half million years
	L = [value you calculated above]
else % add in anthropogenic loading
	L = 2 * [value you calculated above]
end

2.2	Based on your model how much effect have humans had on the oceanic P concentration to date? State your answer in absolute terms as well as in % change (i.e. 100*(Pindustrial- Ppre-industrial) /Ppre-industrial) Note you may want to start your model at the present-day concentration and run it over a smaller time interval with smaller time steps for questions 2.2 and 2.3.

2.3	How would the oceans recover if we were able to reduce our emissions to pre-industrial levels in 100 years (200 years of total loading)? Note that you can use the logical “or” || to link two logical statements in your if-then statement.  Create a figure to illustrate this model.

2.4	How would you modify your model to model a lake system with inflow and outflow?  I.e. what changes would need to be made in our model definition (steps 1.1-1.7)?  (you can use our readings for this week to help answer this question)

MATLAB Syntax introduced in Problem set 2:
Operators
exp(x) calculates ex

Logical statements
find(logical(x),K,'last') returns the last k values that meets the logical statement in the vector x.  Use ‘first’ or omit this term to get the first k values.  Omit k and get all values that meet the logical criteria.
If ; then; [elseif]; else; end  conditionally execute a series of statements
|| ‘or’ for logical statements involving scalars. 
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