Ways of Knowing Science-ILS 153

Homework 2: Radius of the Earth
September 17, 2009: Due September 24, 2009
ILS 153: Ways of Knowing Science

Radius of the Earth: Lab 2

Scale Models and Geometry










Name_____________________

In this homework, we will recreate Eratosthenes’ (the Egyptian librarian who calculated the radius of the earth two thousand years ago) observation on a small scale.  This process requires modeling all the steps that Eratosthenes did in order to determine the radius of the Earth. He mostly used his knowledge of geometry, so we will walk through the mathematical skills needed to recreate his calculations. By doing this, we hope to examine how science operates, which includes observing the world, making theories, and constructing experiments. 
Remember that in this course we are not trying to explore science as a collection of facts, but rather as a series of questions, so the point is not to know a specific geometrical relationship or a particular fact: the point is how you go about asking questions about nature and putting them to the test.  Calculating the radius of the Earth is a simple example of how to do this.

The learning objectives for this lab are to:

1) Use a scale model in order to understand a system that is too large to observe directly (unless you are an astronaut);

2) Apply geometric principles to a practical problem;

3) Provide accurate measurements of physical observations;

4) Quantitatively use measurements to get to a result; and


5) Understand the relationship of the Sun and Earth during different seasons.

Part 1: Triangles
The goal of this activity is to familiarize everyone with calculating tangent angles from a triangle.

You need:


1. A copy of two right triangles






2. A measuring device


3. A calculator

Right triangles are triangles where two of the sides of the triangle are separated by a 90° (or right) angle.  There are two basic rules to right angles:

1) The sum of all angles adds up to 180°; or 90º +  +  = 180°

2) The square of each side of the triangle, added together, equals the square of the hypotenuse; or opp2 + adj2 = hyp2; or (opp) x (opp) + (adj) x (adj) = (hyp) x (hyp). 

a. Opp is the opposite side of the triangle, 

b. Adj is the adjacent side of the triangle,

c. Hyp is the hypotenuse, of long side, of the triangle.

This is also known as the Pythagorean theorem (which you might have mentally suppressed after high school geometry, in the form A2 + B2  = C2)

To make a mathematical relation between lengths of sides and angles of a triangle, people use sine, cosine, or tangents.  For today’s lab, we will only use the tangent function:

tan  = opp / adj

In some cases, you can measure the length of the sides and you want to calculate the angles.  In this case, you use the arctangent (or arctan or tan-1) function.  


 = arctan (opp / adj)
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For Triangle 1:

1. Measure and write the angle  : __________________

2. Calculate the ratio of the opposite side to the adjacent side, using your data from Question 1 and the equation “tan  = opp / adj.”  Write out the equation with your values in it and then solve.  Show your work.

3. Measure and write the length of the opposite side of the triangle (with units): ________

4. Measure and write the length of the adjacent side of the triangle (with units): ________

5. Using your data from questions 3 and 4, calculate the ratio “opp / adj.”

5a. Are there units?  Why or why not?

6. Compare your calculated ratio (question 2) with your measured ratio (question 5).  Are they the same? If not, explain why.

For Triangle 2:

1. Measure and write the length of the opposite side of the triangle (with units): ________

2. Measure and write the length of the adjacent side of the triangle (with units): ________

3. Calculate the angle , using the equation “ = arctan (opp / adj).” Write out the equation with your values from questions 1 and 2, and then solve.  Show your work.

4.  Now, measure the angle  with a protractor.  What is the angle you got from your direct measurement?

5. Compare your calculation with your measurement.  Are they the same? If not, explain possible reasons why.

Part 2: Calculating the circumference of a circle from an arc segment

The goal of this part is to make sure that everyone is at ease in calculating the circumference of a circle from an arc segment, and from the circumference calculate the radius. You will only need a calculator

1. (Refer to the corresponding diagram) Let’s say you are an astronaut on an asteroid (this is the type of stupid question that only occurs in science classes).  You only have a tape measure that is 100 m long.  You place the tape measure down on the planet, in an attempt to measure the circumference of the planet.  A fellow astronaut, still in a space ship, says that you made a 10° angle, when measured from the center of the asteroid.  What is the circumference of the asteroid?

Arc segment distance: ____________________________ (from above)
Angle of the arc segment: _________________________ (from above)


Write down the quantity you want to find:


Find the circumference:


The equation that relates these things together is:


Arc segment distance


 Angle of arc segment

           __________________         =                _________________     


   Circumference

       360° (# of degrees in a circle)

Plug in the measurements for this case:

Solve for the circumference: _____________________________

You may or may not remember from high school geometry that the circumference is twice the radius times or in equation form, C = 2R.   For the record,  is a constant that is 3.14 ( = 3.14).

First, rearrange the terms so that you are solving for R (in other words, the form of the equation is R = something).  Write it below. 
Second, calculate the radius of the asteroid in space, using the number for circumference above.

Radius = ______________________________________
Part 3: Redo Eratosthenes’ calculation
How did Eratosthenes figure out the radius of the Earth?  There were reports that in a town called Syene at noon on June 21, the sun was directly overhead.  That is, there was no shadow at noon. The sun went directly down the town well and the sun compasses had no shadows.  
At the same time in Alexandria, located almost perfectly North of Syene, a 10 m tall column cast a  m long shadow to the north side of the column. The distance between the towns was measured as 5000 stadia, and was measured by camel caravans (1 km = 6.25 stadia).  See the picture below.

Eratosthenes must have though: “The Earth cannot be flat, because the shadows would have to be the same in both places.  The Earth must be curved.  So, the simplest model I can make is that the Earth is a sphere.”  That is pretty good thinking for happening a long time ago.

And maybe Eratosthenes had this thought: “If the Earth is a sphere, perhaps I can measure the distance between Alexandria and Syene and I will know the length of an arc segment of the Earth.  Furthermore, I can use the difference in angle of the sun, in the two cities, to calculate the degrees between the two cities.  If I do all that, I can calculate the radius of the Earth.  Yahoo!”  
He had two pieces of information: 1) The distance from Syene to Alexandria (measured by camels!); and 2) The length of a shadow.  Eratosthenes’ breakthrough was that he realized that from each of those pieces of information, respectively, he could know: 1) Arc segment distance, and 2) Angle of the arc segment.  Since he knew that there were 360° in a circle, he could easily calculate the Earth’s circumference and, from that, the Earth’s radius.

Let’s do it:

Step 1.  The arc segment distance is the distance from Syene to Alexandria.  Write it below.

Step 2.  Using the geometry that you used in Part 1, convert the length of the shadow in Alexandria into an angle. That angle is the angle of the arc segment.  Show your work and write the answer below.

Step 3. Using the geometry that you used in Part 2, calculate the radius of the Earth in kilometers.  Please show your work.

Here are two thought questions:

1. Why was the sun overhead only on June 21 in Syene? (Hint: It has to do with a specific latitude)
2. Is there any reason that you couldn’t make the same calculation at any two places, on any day of the year, as long as they were located on a north-south line?
NOTE:

I give them a picture, but it is has a copyright so it is not included here.

FOLLOW UP ACTIVITY

In the week after that activity, I take students outside for 30 minutes at 1 pm.  It is typically on September 20 (the date is important).  On the sidewalk, I have several vertical meter sticks.  I put about 6 students by each meter stick.  I then ask them to calculate the latitude of Madison.

To do this activity, they have to realize three different things: 1) They are on daylight savings time, so the sun is most direct (shortest shadow) at 1 pm; 2) It is the equinox, so the sun is coming straight at the earth; and 3) If you set up the exactly the trigonometry of Eratosthenes, you can figure the latitude just by measuring the shadow.  

A POSSIBLE QUESTION ON THE FINAL EXAM

Since the exam is typically around December 20, I ask the students to tell me what time of day the sun casts the shortest shadow and how long is it for a 10 m tall pole.

6.

