Ice Sheet Model Exercise 
On completing this module, students are expected to be able to:
· [bookmark: _GoBack]Create a model of ice sheet growth and decay based on Weertman's (1976) classic model.
· Experiment with the model to understand the importance of initial conditions.
· Calculate the response time of the ice sheet and compare that to the frequency of Milankovitch climate cycles to predict how the ice sheet will be influenced by these orbital changes.
· Discover through experimentation the importance of thresholds that separate growth and stability of an ice sheet from total collapse.
· Use the model to predict what should be happening now in terms of climate change, and what the next 20 kyr should see in terms of ice buildup.


I. Model Construction

This model is not terribly big, but it is also not exactly simple. Since some parts of the model will include long data series imported from other sources, you should download the Ice sheet model STELLA template (from Moodle), which contains graphical converters holding the imported data — you can copy these into your model when the time comes.

There are probably several different ways to create this model, but let us say that it will have just one reservoir quantity — the cross-sectional area of the ice sheet (as seen in Fig. 4 of the background reading; call it X Sect Area in your model) — that has one biflow attached to it.  A biflow is a type of flow you can use in STELLA when you are dealing with a reservoir that is fed by a flow that can move in two directions instead of only one direction.  In the case of our ice sheet model, we know that the area of the ice sheet changes in response to changes in the length and rate of snow and ice accumulation versus the length and rate of snow and ice ablation (loss from melting plus sublimation). Thus, the biflow that we create should contain the right-hand side of the differential equation:



where dAx/dt is the change in area with time, Lac is the length over which accumulation occurs, ac is the rate at which accumulation occurs, Lab is the length over which ablation occurs, and ab is the rate at which ablation occurs. Before we create our biflow then, it would be good to create converters to hold these four values.

To create the biflow (call it area change), we do the same thing we would do to create a flow going into any reservoir, but instead of using the default Uniflow option, we turn on the Biflow option:

[image: ]  

When we do this, we find that the STELLA flow arrow has arrowheads on both ends, with one dashed and the other solid (Note: if polarity of your arrowheads is reversed, hold the control key down and then click on the solid arrow head to reverse the polarity to the correct direction):


[image: ]


Once we have created the biflow, we can hook up the four converters holding the Lac, Lab, ac, and ab values via pink connector arrows and enter the equation for area change into the biflow. As noted in the InTeGrate reading, the accumulation and ablation rates are related to one another as follows:



So, if we specify epsilon (as another converter) and the accumulation rate, we can find the ablation rate.  

We need to specify an initial value for the X Sect Area reservoir, and one nice way to do this is to make it be a function of two other converters called initial length km and lambda (Note: to do this, we do not need to have connecting arrows coming from lambda and initial length km. In fact, the STELLA software will not allow us to connect from a converter to a reservoir, so go ahead and create these as stand-alone converters). We can then type the following into the window that pops up when we double-click on the X Sect area reservoir:

4/3*SQRT(lambda)*((initial_length_km*1e3)^(1.5))

Note: this is equation 10 from the InTeGrate reading. The 1e3 here converts the value of the initial length from kilometers to meters, so that our area will have units of square meters. Note also that this equation gives us just the starting or initial area of the glacier.  The area will change over the course of a model run in response to shifting climatic conditions.

Next, we need to define the two lengths that we described above, which specify the amount of the glacier that is experiencing net accumulation of ice and that which is experiencing net ablation. Recall from the readings that the Length, L, of the ice sheet is measured from its center out to the edge, which means that the whole ice sheet is 2L long. Recall also that Weertman defined a location xf that he called the firn line position (we are going to call it xs and snow line position instead, but it is the same thing) that represents the position along the glacier's length where climatic conditions cause a switchover from net accumulation of ice to net ablation. Since x is measured from the center of the ice sheet outward and is positive in the direction pointing toward warmer conditions and negative in the direction pointing toward colder conditions, Lac = L + xs  can be used to determine the accumulation length and Lab = L - xs  can be used to determine the ablation length (note that if you add Lac and Lab together, the result is 2L, which is the size of the whole glacier). This means that we need two other converters for Length and snow line position that will feed into Lab and Lac.

From our reading, we know that we can get the length value from the following:

which means that we need connector arrows coming into L from the X Sect Area reservoir and the converter called lambda.  The parentheses are a bit tricky — here is an example of how you might cast the equation in STELLA:

		(((0.75*X_Sect_Area)^2)/lambda)^(1/3)

The next thing is to specify the snow line position (xs), which will be another converter that is defined as follows:



where



S is the slope of the snow line, and xg is the grounding line position (Recall that the grounding line is the lateral position where the sloping snow line intersects the ground surface. If it moves in a positive x direction, temperatures have cooled and the glacier will advance, as more of it will be in the zone of accumulation. If the grounding line moves in a negative x direction, temperatures have warmed, and the glacier will retreat, as more of it will enter the zone of ablation).  

Our model will be easier to troubleshoot and easier to look at if we first create converters called A, B, and C as defined above, and then have those three converters connect to the snow line position converter.  We need to make a further tweak to our definition of the snow line position converter to account for the possibility that the grounding line is out in front (equatorward) of the ice sheet (for example, due to a severe climatic chilling). This requires an IF THEN ELSE statement that might look like:

IF grounding_line>Length THEN grounding_line ELSE (-B+sqrt(B^2-4*A*C))/(2*A)

This statement tells the model to set the snow line position to be equivalent to that of the grounding line position if the grounding line is way out in front of the ice sheet or to calculate its location via the quadratic equation when the grounding line is contained somewhere inside the glacier. The creation of the IF THEN ELSE statement means that we need connectors coming from Length and grounding line into snow line position in addition to the connectors coming from A, B, and C.  

Once we have completed the connector arrows and equations that define Length and snow line position, we can specify the equations for accumulation length (Lac = L + xs) and ablation length (Lab = L - xs) that we already talked about above. But, for the Lac, we need to add a twist to account for a possible case where the snow line position is out in front of the ice sheet, in other words, when xs > L. This means that the Lac converter needs to have an IF THEN ELSE statement in it, like this:

IF Length>snow_line_position THEN Length+snow_line_position ELSE Length+Length

Let us think about what this says. When the snow line position is contained somewhere on top of the glacier, then the accumulation length is equal to the snow line position plus the length (recall that length is half the total size of the glacier), but if the snow line position is beyond length (i.e., length < snow line position), then the entire glacier (length + length or 2L) is in the accumulation zone.

Next we need to establish an initial grounding line position — this should be its own converter so that we can change it easily in experiments to come — and it should feed into the actual grounding line converter. The position of the grounding line also depends on insolation (changes in solar radiation hitting a particular location) and something that converts the insolation change (dQ) into a distance, which you might call dxdQ  (change in distance, dx, per change in insolation, dQ). Putting these together, the grounding line position converter might be defined as:

(initial_grounding_line*1e3)-(dQ * dxdQ)

This expression assumes that the initial grounding line is in units of km, and the 1e3 is in here to convert from km to m. The dxdQ converter will eventually have a value of 1.77e4 (units would be meters per W/m2 deviation from the mean insolation; in other words, the grounding line moves 17.7 km for every W/m2 change in insolation), but for now, make it 0.  The dQ converter is specified by taking the Qt values from the template we downloaded at the beginning of the exercise and subtracting the value 497 (which represents an average value for insolation at the particular latitude we are assuming the ice sheet starts growing from), so dQ represents the change from a baseline radiation value over time.

At this point we are just about done — just a couple of adjustments still need to be made.  First, modify the area change biflow to look like this:

Lac*vac*1e3 - Lab*vab*1e3

The *1e3 in the above expression converts the rates of accumulation and ablation from m/yr to m/kyr; this means a kyr (kiloyear, or 1000 years) is going to be our basic time unit.  The insolation history (Qt) is also provided in terms of kyr.

Next, make some additional converters that will be convenient for the purposes of graphing, converting the Length and the grounding line position from meters to kilometers.  You can do this simply by making new converters (call them something like Length km and grounding line position km) in which the values in meters are divided by 1000.  Finally, we should add another converter that tells us the maximum thickness of the ice sheet (call it h0 for the height at x = 0 km). This converter would have connecting arrows coming from lambda and Length and could be defined as:

SQRT(lambda*Length)

The units here would be in meters.  

We will finish with the addition of one more converter, called length ratio, and we will define it as the ablation length (Lab) divided by the accumulation length (Lac) — this will be a useful thing to look at when we do experiments with the model. To keep your model looking like less of a tangled mess, you might want to make ghosts of the two lengths and then make connector arrows from these ghosted versions to your length ratio converter.


One other note about the template model you downloaded earlier — it includes a converter called SPECMAP, which is the oxygen isotope record from the oceans that gives us a sense of the timing and magnitude of ice volume changes over time; this is something we can plot to see the extent to which our little ice sheet model mimics the actual record of ice growth and melting.  

In case you are not familiar with the idea that oxygen isotopes can be used as a proxy (or indicator) of ice volume, here is a super-short summary. We are talking about two stable isotopes of oxygen — 16O and 18O — the lighter one is much more abundant (~99.8%), but there is always some of the heavier 18O around. The lighter 16O is evaporated a bit more readily, and the heavier one is precipitated a bit more readily, which means that the precipitation that makes it to a region where a big ice sheet is forming will be enriched in the lighter 16O relative to the original source water from which it evaporated. If that precipitation gets locked up or sequestered in the form of ice, the oceans will tend to get slightly depleted in the light isotope, and the 18O will thus represent a greater proportion than it did before. When marine organisms make their shells out of CaCO3, the O in their shells represents a sample of the ratio of oxygen isotopes, so a sequence of marine sediments will archive the ratio of 18O to 16O as it changes over time. Geochemists can measure this ratio using mass spectrometers, and they express the ratio as something called 18O, which is a ratio of 18O to 16O relative to a standard — higher values means a higher ratio of 18/16, while lower numbers mean a lower ratio of 18/16. When there is a lot of ice on Earth, the oceans have a higher 18O value, which is recorded by the marine organisms. The ratio is actually also a function of temperature, with a similar relationship to the ice volume — colder temperatures lead to higher 18O values, while warmer temperatures lead to lower 18O values.

We include the SPECMAP data in the model as a way of comparing the model behavior to the real world. In general, this is a good practice when modeling — think of a way to compare the model output with some actual observations to get a sense of whether your model is reasonable. But when doing this, always remember that we are making very simple models and then comparing them to a very complicated real world — so we always expect differences.


II.  Testing

The first thing to do after constructing the model is to test it to make sure you have it right.  Enter the following values into your model, and then run it and compare your results with the graph below of the ice sheet length. 

Starting conditions:
Initial length (km) = 500
Initial ground line position (km) = -400
Slope (unitless) = 0.002
Lambda (m) = 13
Accumulation rate (m/yr, later converted to m/kyr) = 1.3
Epsilon = 0.24
dxdQ (m/Wm-2) = 0 (this effectively disables the Milankovitch insolation variations; later, we will change this to 1.77e4 when we want to enable the Milankovitch cycles)

Time Specs:
Start Time: -300
Stop Time: 0
DT: 0.2
Integration Method: Runge-Kutta 4

If you make a graph of the length in km, you should see that the ice sheet grows to a length of about 1800 km in the space of about 75 kyr (see below). If you do not get a result like this, go back and check your model, making sure you have everything correctly defined.

[image: ]

III.  Experiments

Experiment 1: Steady State? Response Time?
In this first experiment, let us see what happens to the glacier’s length over time with some reasonable initial conditions.

Starting conditions:
Initial length (km) = 400
Initial ground line position (km) = -400
Slope (unitless) = 0.002
Lambda (m) = 14
Accumulation rate (m/yr, later converted to m/kyr) = 1.2
Epsilon = 0.24
dxdQ (m/Wm-2) = 0 (this effectively disables the Milankovitch insolation variations; later, we will change this to 1.77e4 when we want to enable the Milankovitch cycles)

Time Specs:
From: -300
To: -150
DT: 0.2
Integration Method: Runge-Kutta 4


a) Before running the model, try to predict what will happen to the ice sheet. Will it find a steady state, will it just shrink to nothing, or will it grow indefinitely? Before writing your prediction, calculate by hand what the area change will be at the very beginning, using equations 13 and 14 from above (turn in your calculations).  To help you with this, the value for xs at the beginning is about 271 km.  


b) Now run the model and explain what happens to the length (in km) of the ice sheet. What is the ending ratio of the ablation length to the accumulation length (make a plot of your length ratio converter) and how does it relate to epsilon?








c) Now, change the initial length to 3000 km — a very large ice sheet. At the start, do you think that the accumulation rate times accumulation length will be greater than or less than the ablation rate times the ablation length? 


Run the model. Does the ice sheet find a steady state again? Does it have the same length as in the first case or something different? Paste in a graph of the length over time as part of your answer.  




d) In systems analysis, the response time is often defined as the time it takes a system to accomplish about 2/3 of its change to the eventual steady state (e.g., how long does it take for an ice sheet to get to its steady state? How fast can a glacier grow and shrink?). In the case of our model, you can find the response time by finding the difference in length between the steady state length and the starting length — then find the point in time when about 2/3 of this change has been accomplished.

Use the model set-up and results from b) to estimate the response time, giving the result in kyr.



Experiment 2: Crossing the Threshold to Rapid Melting

In the above experiment, we looked at two initial lengths and found that in both cases, the glacier evolved into a steady state length, where the accumulation area was equal to the ablation area. Now, let us explore a wider range of initial lengths, which will reveal an interesting change. Start with the same model set-up as in 1a, where the initial length was 400 km. 

a) Run the model, and you should see the glacier grow to a length of about 2098 km and then level off, having reached a steady state.  (No response needed here)

b) Now, decrease the initial length to 300 km. What length does the glacier end up at?  Paste in a graph as part of your answer.




c) Now, decrease the initial length to 200 km. What length does the glacier end up at?  Paste in a graph as part of your answer. Describe, briefly, what happens to the glacier in this case.  



Note that in (a), the glacier decelerates as it approaches the steady state — it gets there very gradually. How does this deceleration of (a) compare with the behavior in this case?


d) Now increase the initial length to 210 km. What length does the glacier end up at?  Paste in a graph as part of your answer. Describe, briefly, what happens to the glacier in this case.


e) It should be clear to you at this point that there is a threshold in the initial length that separates two very different behaviors and different outcomes. Fiddle around with the initial length until you find the threshold (within 1 km is fine). What value does it have?


f) Note that when you are below the threshold, the melting behavior exhibits a runaway behavior. As the ice sheet shrinks, the ratio of ablation length to accumulation length increases, causing more area loss, and thus shorter overall length, which in turn makes the length ratio even greater, and the area loss accelerates — a classic positive feedback mechanism. Let us try to estimate the apparent response time for this melting behavior.   To do this, we will count backwards in time from the point where the length goes to 0 (or right next to it) to the point where the length is 2/3 of the way gone. What is the melting response time?



Experiment 3: Changing the Grounding Line

Now let us see what happens if we change the position of the grounding line, which is shown graphically below, shifted to the left (toward more negative values):

[image: ]
This is equivalent to imposing a warming on the glacier. Start with the same model setup as in 1a:

Starting conditions:
Initial length (km) = 400
Initial ground line position (km) = -400
Slope (unitless) = 0.002
Lambda (m) = 14
Accumulation rate (m/yr, later converted to m/kyr) = 1.2
Epsilon = 0.24
dxdQ (m/Wm-2) = 0 (this effectively disables the Milankovitch insolation variations; later, we will change this to 1.77e4 when we want to enable the Milankovitch cycles)

Time Specs:
From: -300
To: -150
DT: 0.2
Integration Method: Runge-Kutta 4

a) Change the grounding line to -500 km, and make a prediction about what will happen. It might help to think about using the new value will change the snow line position, xs, and how that in turn will affect the initial area change. How do you think the new value will change the steady state length?


b) Now run the model and describe how this change has affected the ice sheet. Paste a graph of ice sheet length in here as part of your answer.



c) Now shift the grounding line to -300 km and make a prediction about how this will affect the ice sheet, then run the model and describe how this change has affected the ice sheet. Paste a graph of ice sheet length in here as part of your answer.


Experiment 4: Changing the Ice Strength ()

Now we will investigate the effect of changing the ice strength parameter (, which has as its main variable the critical shear stress for flow of the ice. Ice strength is primarily a function of temperature, with colder conditions leading to stronger ice and warmer conditions leading to weaker ice. If we lower , we are effectively lowering the critical shear stress, making it easier for the ice to flow. This means that with a lesser thickness and/or a shallower slope, the ice will still flow. To begin, we will use the standard setup from experiment 1a, where  is set to a value of 14.  Run this “control” model first, and take note of the ending length and maximum thickness of the ice sheet. Make sure that the Milankovitch variations are disabled, as you did for previous experiments.

a) Change  to 12, thus making the ice flow more easily. Make a prediction about what this will do to the ice sheet in comparison with our control. Will the height be lesser or greater? Will the ice sheet grow to a greater or lesser length relative to the control? 



b) Run the model and describe what happens and how the results compare with your predictions. Compare the initial growth rates, maximum thicknesses and final lengths in the scenarios below:


	
	Initial growth (faster or slower)
	Thickness of ice in meters
	Length of ice sheet at steady state

	=14
	
	
	

	 =12
	
	
	



c) Now change  to 10, and make a prediction. Then run the model and describe what happens and attempt to explain why it happens.





Experiment 5: Ratio of Accumulation and Ablation ()

Now we will experiment with changing the ratio of accumulation and ablation (melting) rates to see how this affects the growth of the ice sheet. The model parameter called epsilon () controls this ratio, and if you recall from above, it is the same as the length ratio (Lab/Lac) at steady state. We will again use the model set-up from 1a as our control; here  is set to 0.24. Re-run the control case to make sure everything is as it should be.  

a) Now change epsilon to 0.28. Remember that the ablation rate is equal to the accumulation rate divided by epsilon. What will changing epsilon to a larger value do to the ablation rate — make it faster or slower than the control? Predict how this change will affect the equilibrium length of the glacier, and explain your reasoning.


b) Then, run the model and describe what happens, and explain why the glacier responds this way. It may help you to make a scatter plot with length on the x-axis and length ratio on the y-axis (be sure to double-click on the length ratio at the top of the graph and set the precision to free float in order to see the actual values).




c) Now change epsilon to 0.20. How do you think this will this change the ablation rate relative to the control, and how will this affect the growth of the ice sheet?


d) Run the model and then describe what happens, and explain why the ice sheet responds this way.





Experiment 6: Changing the Slope of the Snowline

Now we will experiment with what could happen if the slope of the snowline increases. It is already set to a very low value of 0.002. First, let us visualize what steeping the slope would do to the glacier:
[image: ]
You can see that it will shorten the accumulation length and increase the ablation length.  As before, we begin with the model setup for 1a, and then run the model to remind ourselves of the control case. Take note of the beginning ablation length in the control for use in part b below.

a) Change the slope slightly to 0.0022. First make a prediction about how this will affect the growth (rate of initial change and steady state length) of the glacier relative to the control.


b) Run the model and explain what happens and why it happens (paste a graph in as part of your answer). How does the beginning ablation length of this model compare with the control? How did the results compare with your prediction?

	
	Initial Ablation Length (km)
	Steady State Length (km)

	S=0.002
	
	

	S=0.0022
	
	







c) Now increase the slope even more to 0.0024. Run the model and describe what happens and why (paste a graph in as part of your answer). 







Experiment 7: Orbital Forcing

First reset the starting parameters as follows:

Starting conditions:
Initial length (km) = 500
Initial ground line position (km) = -400
Slope (unitless) = 0.0019
Lambda (m) = 13
Accumulation rate (m/yr, later converted to m/kyr) = 1.3
Epsilon = 0.2
dxdQ (m/Wm-2) = 1.77e4 

Time Specs:
From: -300
To: 0
DT: 0.2
Integration Method: Runge-Kutta 4

Now, the changing summer insolation due to orbital variations will force the grounding line position to move back and forth. Higher insolation pushes the grounding line position to the north (toward more negative values, while a decrease in insolation moves the grounding line to the south (more positive values). As you should know by now, moving the grounding line position will cause the glacier to advance and retreat.

Run the model and study the results by plotting key parameters together.  

a) First, study the relationship between the Qt (the insolation over time) and the grounding line position (in km) — what is the general relationship? Do the peaks and troughs of both curves match up as you would expect? What is the typical period of oscillation in the grounding line position? Paste in a graph as part of your answer.


b) How does the length of the ice sheet respond to changes in the grounding line position? How do the peaks and troughs of these two parameters compare, and is it as you expected? Paste in a graph as part of your answer. In articulating your answer, you should consider the response time of the ice sheet you figured out earlier and compare it to the period of oscillation in the grounding line position.




c) What is the lag time in kyr of the ice sheet relative to the grounding line? How consistent is this lag time?


d) What is the range of variation in the length of the glacier in km? Compare it to the Laurentide Ice Sheet, which expanded and contracted about 20° of latitude from its center of mass (x = 0); there are 111 km per degree of latitude.


e) Now compare the ice sheet length with the SPECMAP record of 18O from marine sediments. SPECMAP 18O is partly a measure of ice volume and partly a measure of temperature — higher values represent more ice and colder temperatures. How well do they agree? How similar or dissimilar are the times of the peaks and troughs? Consider whether ice sheets exhibit primarily linear or non-linear behavior, and use this to comment on the probable reason(s) for any similarity or difference between the model and the SPECMAP curve. 


f) Look at the most recent 10 kyr of the model (i.e., zoom in on that time interval). How is Qt changing during this time, and how does the model glacier respond? What does this suggest might be happening at the present time if we were not increasing the greenhouse effect through elevated CO2 levels — would we be entering another small glaciation, holding steady, or moving to a warmer interglacial?


Metacognition Questions — Thinking and Reflecting on Learning

1. At a number of points in this exercise, you were asked to make a prediction about what would happen — about how the ice sheet would change over time. Reflect on your ability to predict the behavior of a system like this. Do you feel like you are getting better at it? Can you describe questions you might ask yourself and/or strategies that might lead to better predictions?


2. What surprised you about the behavior of the ice sheet model?


3. What did you learn from comparing the model output with the real world SPECMAP data?


4. Given your findings today, what impact do you think global warming might have on the position of the grounding line for the Greenland and Antarctic ice sheets? If the grounding line shifts in position, what might be in store for these ice sheets?

5. Taking the role of science advisor, write a short policy brief (two paragraphs maximum) to the president in which you discuss the potential impacts of your findings for the future habitability of coastal cities such as New Orleans, Miami, and New York City. 
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