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Resource Consumption/Production Rates

Let us begin by defining our resource variables:

R = amount of resource remaining at a given time

Q = amount of resource used at a given time

If the resource is non-renewable and being consumed, we have a fixed total amount of resource to draw from, which we will call Rt.  At the end of an experiment or observation period, the net amount of remaining resource after a total amount has been extracted (Qt) is

R = Rt - Qt

Generally, we want to look at a scenario more carefully and investigate smaller pieces of the problem that we can then analyze and use to make more informed statements and predictions about our system.  This can be done by looking piecewise at the amount of remaining resource where the final or remaining resource (Rf) from one step becomes the initial resource (Ri) available in the next step 

DR = Rf - Ri

which can we can also simply write as

DR1 = R1 - R0 and DR2 = R2 - R1, etc.

Every bit that is consumed decreases the remaining amount of resource and the amount of remaining resource at a given time is 

DR < 0

Dividing by time gives us the time rate of change (DR/Dt).

Let us plot just one increment of resource data (R vs t) and consumption data (Q vs t)
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What happens if we let the experiment run and continue collecting data?  Where would R2, R3, R4 fall?  In other words how can we predict or forecast resource consumption?  In general, we need to quantify the trend and see if we can fit a mathematical model that explains the trends that we observe.  In order to quantify the trend in a meaningful way, we need more data (information about our system) in our example.  For instance, two possible trends that fit the two data points are given in the graphs below.  
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If we plot resource consumption (Q) for these two scenarios, we get
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Question 1: Describe in words the behavior of the curved lines in the resource plot and the consumption plot.  Please include rates of change in your description.

Solution: The curved lines in the plots exhibit non-linear (in this case, exponential) change.  If we consider the rates of change, we observe that for less and less resource remaining, that R changes slower and slower and the curve begins to flatten out.  Likewise, as more and more resource is used, Q increases ever more slowly.  In other words, the rate of change is proportional to the amount at a given time.

Question 2: Write a very simple equation expressing the relation between rate of change (DR/Dt) at a given time and the amount of resource (R) at a given time.

Solution: DR/Dt = -kR, where k is just a proportionality constant.

Exponential growth/decay

The rate equation DR/Dt = -kR describes exponential decay.  If the proportionality constant, k, is positive it describes exponential growth.  This is seen when we look at the solution R (after simple integration), which yields 

R = Roe-kt for negative k and R = Roekt for positive k.

There are natural systems that exhibit this behavior and can be modelled fairly well with these rate equations.  Examples include radioactive decay and microorganism populations (for a period of time).

Exercise: Radiometric decay of of potassium-40 (40K --> 40Ar), where "resource" is parent isotope (40K) and amount "used" is number of decayed 40K that became 40Ar.

So we have,

R = parent isotope

Q = daughter isotope 

k = decay constant

1. In this system k = 5.543 x 10-10 yr-1.  If the system initally contained 10,000 parent isotopes, and now there are 6,700 daughter isotopes, how much time has passed since the radioactive clock began ticking?

2a. Please plot the amount of parent isotopes versus time (use a Dt of 10,000 years).  

  b. What is the general shape? 

3a. Please plot the decay rate (change in resource over time) vs amount of remaining resource (R).  

  b. What is the shape and why?  

  c. What is the slope?  Where else have you seen this value?

4a. Please plot the decay rate vs time.  

  b. Explain what you observe about the shape of the plot.

Solutions:

1. Students will need to solve for t in the equation R=Roe-kt; t = (1/k)ln(1 + R/Q) = 2 billion years.

2. This exercise is to familiarize students with plotting (either in a spreadsheet program or using something like R or GNU Octave).  The plot is curved (the beginning of an exponential curve).

3. This should plot as a line, because the rate equation DR/Dt = -kR is analogous to y=-mx.  The slope should be k = -5.543 x 10-10 yr-1.  

4. This curve begins with maximum rate of change (a negative number) when R is greatest and decreases non-linearly as time passes and R gets smaller and smaller (if one took a longer time slice, it would asymptotically approach zero).

---------

Logistic Equation

Exponential growth, while a certainly a useful model in some circumstances, does not explain rates of change that occur in systems where growth is limited and approaches some maximum (equilibrium) value.  A well-known example of this is population growth.  A population cannot increase indefinitely because of limited space, food, water, air, etc.  If resources are finite, even if they are renewed (other than instantly and perfectly), there will be a value beyond which the accumulating population cannot sustain itself and survive.  If we think of exponential growth, which is often a reasonable approximation for the initial population growth phase, we see that as the population gets larger ever more quickly it needs to consume available resources ever more quickly.  At some point the resources available to the population are no longer sufficient to maintain the exponential growth rate and, thus, population growth begins to slow.  Population growth will then slow until it reaches zero, when the population has reached its maximum value (carrying capacity).  

One common way in which this behavior is quantified is the Verhulst model, named after Pierre Verhuls who originally formulated the equations to describe population growth dynamics where resources (and resource replenishment rates) are limited.  The Verhulst model is often known as the logistic equation.

Question: Please sketch a plot of the qualitative behavior of population growth in the Logistic equation.

Question: Using your knowledge of rates of change (and derivatives), please sketch a qualitative plot of population rate of change (DR/Dt) vs time.  Describe in words what is occurring.  Where should the peak rate occur relative to the first plot you sketched?

The logistic equation is

DR/Dt = kR - kR2/K

where k is the proportionality constant and also paramterizes the maximum growth rate.  The value of K is a constant equal to the maximum population (carrying capacity) or, if we are drawing from a resource to produce something, it is the total amount of resource.  

On the right hand side of the equation, note that we have exponential growth (kR) and are subtracting from it more and more as R increases (which increases the R2 term even more quickly) until growth is stopped at carrying capacity when kR = kR2/K.

We can rewrite the logistic equation into a simpler form (and one that is often used) by defining

y = R/K

The slightly modified form is thus

Dy/Dt = DR/KDt = kR/K - kR2/K2 = ky - ky2 = ky(1 - y)

Solving for y (by integration) yields

y = yo/((1-yo)e-kt + yo)

Exercise: Let us analyze a scenario where we begin with 100 organisms in our laboratory.  We give these organisms enough nutrients to survive and reproduce, but only enough to support a population of 50,000.  Their maximum growth rate is characterized by k = 0.15 day-1.  

1a. Please plot y vs time.  

  b. Using these data, plot population vs time.  

  c. Describe in words the behavior of these plots.

2a. Plot population rate of change vs time.  

  b. On these plots denote where the maximum growth rate occured.  

  c. What was the value of the maximum growth rate and at what time did it occur?  

  d. Where did it occur with regard to total population?

Solutions:

1a. This will yield an s-shaped (logistic) curve that is bounded between y=0 and y=1.

  b. Simply multiply 'y' in the above step by 'K.'  The curve is the same except that the y-axis is now population and will have values between 0 and the carrying capacity 'K.'

  c. The change in population is initially slow (low slope) and then reaches an exponential phase with maximum growth rate before slowing again until growth rate is zero at the carrying capacity.

2a. This will be roughly a bell-shaped curve (note that this is not the bell curve of a Gaussian distribution in statistics).  

  b. The peak of the curve occurs at the maximum growth rate.

  c. Maximum growth rate was 0.0375 and it occurred at t=41.4

  d.  At t=41.4, the population was 24967.3716

----------

The logistic equation can describe some scenarios of non-renewable resource consumption.  To keep values positive we think of consumption/extraction (known as "production") (Q) and analyze amounts and rates of production (DQ/Dt); when many people refer to production in the literature they are actually referring to production rates) in view of the total amount of resource, or maximum amount that can be produced.  For example, if we think about conventional crude oil production, we find that Q is the cumulative amount of oil produced, K is the total amount of recoverable conventional crude oil, and k is the maximum production rate parameter (determined by number of operational oil fields, maturity of those fields, technological limits on extraction, and to some degree political and economic factors).  Often we have the empirical data and see the goodness of fit between it and the model and solve for the parameters (instead of making purely theoretical statements or calculations, particularly for k). 

