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This lesson is designed to help students apply Bayes’ Rule in the context of medical testing.  The central question is “What is the probability that a person has the disease given an abnormal test?”  Note that this is entirely different from “What is the probability of an abnormal result given that the patient has a disease?”  The test could be mammogram, HIV antibody test, pregnancy test, prostate-specific antigen (PSA) test, and so on.  One can even apply this technique to assess the probability of being cheated on, given a strange pair of underwear is found, among many other situations.   

Most problems in life do not admit a simple yes or no answer, and the Bayesian approach gives a conditional probability reflecting the context.  A most important concept for students to learn is that there is no perfect test.  It is possible that a person does not have the disease, yet gets a positive result (false positive).  On the other hand, it is possible that a person does have the disease, yet gets a negative result (false negative).  The false positive rate and the false negative rate are dependent: to increase one is to increase the other.  Essentially, life involves steering between false positive and false negative errors.      

Goals

1. Identify and interpret the base (prevalence), sensitivity, and false positive rate information encountered in medical tests.
2. Estimate or calculate the probability that a person actually has the disease given a positive test result.
3. Communicate the numerical result from their calculation to a lay person, both verbally and in writing.
4. Describe the potential benefits and hazards of medical tests, and the concept that routine cancer screenings for healthy persons are NOT always a good idea.  

Lesson Plan

1. Assign the New York Times Magazine article “Mammogram Math” by John Allen Paulos http://www.nytimes.com/2009/12/13/magazine/13Fob-wwln-t.html for students to read before class.

2. In class, study the example in Paulos’s article, but using the tree of natural frequencies representation to calculate the conditional probability.

3. Provide additional examples for students to practice the skills.  Students will be quizzed on this type of problems.

4. Students will respond to a set of communication skills questions about base rate, sensitivity and false positive rate.  




In-Class Activity: Natural Frequency Representation

Let us examining an exemplary problem taken from a piece John Allen Paulos wrote for the New York Times Magazine entitled Mammogram Math. 

Assume there is a screening test for a certain cancer that is 95 percent accurate; that is, if someone has the cancer, the test will be positive 95 percent of the time.  Let’s also assume that if someone doesn’t have the cancer, the test will be positive just 1 percent of the time. Assume further that 0.5 percent — one out of 200 people — actually have this type of cancer. Now imagine that you’ve taken the test and that your doctor somberly intones that you’ve tested positive. Does this mean you’re likely to have the cancer? Surprisingly, the answer is no. 

To analyze this problem, we need to identify three rates.

1. Base rate.  The base rate of an attribute in a population is the proportion of individuals manifesting that attribute.  It is also called prevalence in medical literature.
2. Sensitivity.  The percentage of individuals with a disease who test positive in a test, that is, who are correctly classified as having the disease.    
3. False positive rate.  The proportion of positive tests among people without the disease.   

Students should not memorize these definitions.  If they ponder the reason behind these definitions, it is natural to identify 0.5% as the base rate, 95% as sensitivity, and 0.5% as false positive rate, in the example by Paulos.

In a series of papers, the psychologist Gerd Gigerenzer and collaborators reported that using natural frequencies to reason about probability, especially conditional probability, is much easier for students (and physicians) to understand.  The following figure illustrates the natural frequency approach.  

Imagine 1,000 people undergo the test.  On average, 5 out these 1,000 people have cancer (because 0.5% of 1,000 is 5).  Of these 5 people with cancer, all test positive (5 times 95% is actually 4.75, which we round up to 5).  Of the 995 people without cancer, about 10 nonetheless test positive.        

Thus, 15 people test positive, but only 5 actually have cancer.  The probability is therefore    



The example by Paulos is hypothetical.  Let us consider a more realistic problem.  From the CDC website http://www.cdc.gov/cancer/breast/statistics/age.htm Breast Cancer Risk by Age, the probability that a woman will develop breast cancer in her forties is about 1.5%.  Studies show that the false positive rate is about 10%.  On the other hand, if a woman does have cancer, the probability of getting a positive mammogram is about 80%.  (See http://www.cancer.gov/cancertopics/pdq/screening/breast/healthprofessional.)   Putting all these together, we find the probability that a woman who tests positive has breast cancer is quite low, as illustrated below.  



We can ask students to perform a similar calculation for women in her fifties.  Students should find, from the CDC website, that the base rate is 2.4% for this age group.  Using the same method, they should find that the probability that a woman in her fifties who tests positive has breast cancer is about 19%.  

Students might be interested to know that many medical professionals are unable to interpret medical results correctly, and this fact should motivate students to learn Bayes’ Rule.

Gigerenzer’s method for Bayesian reasoning is summarized below.  

1. Select a population and use the base rate to determine how many people in the population have the disease.

2. Take that result and use the test’s sensitivity to determine how many people have the disease and a positive test.

3. Take the remaining number of healthy people and use the test’s false-positive rate to determine how many people do not have the disease but still test positive.

4. Compare the number obtained in step 2 with the sum of those obtained in steps 2 and 3 to determine how many people with a positive test actually have the disease.  



Additional Exercises

Exercise 1

Consider cancer X, which, let us assume, afflicts 0.4 percent of the people in a given population.  Let us further assume that if you have this cancer, there is a 99.9 percent chance you will test positive.  On the other hand, if you do not, we will assume a 1 percent chance you will test positive.  What is the probability that a person suffer from cancer X given a positive test result?    

Exercise 2

(This example is from Dr. Tanner Caverly.)
A 70 year old woman receives a screening test for HIV (ELISA) prior to a surgery and tests positive.  Before the results of the screening test, the probability that she had HIV was very low (around 1 in 100,000).  The screening test was followed by a confirmatory test (Western Blot) which was also positive.  The combination of tests used in this sequence (ELISA then Western Blot) is both highly sensitive and highly specific (sensitivity of 99.99% and specificity of 99.99%).  Given the very low pretest probability and the sensitivity and specificity that are not 100%, which of the following MOST closely resembles how you would discuss the likelihood of HIV with this patient? 

    1. “Given the positive tests, you almost certainly have HIV.”
    2. “Given the positive tests, you are more likely than not to have HIV.”
    3. “Chances are you do not have HIV even given the positive tests.”
    4. “You are unlikely to have HIV even given the positive tests.”


Exercise 3

(This example is from Nate Silver.)  Suppose you are living with a partner and come home from a business trip to discover a strange pair of panties in your dresser drawer.  You want to find the probability that your partner is cheating on you.  If he’s cheating on you, you might expect him to be quite careful, and the probability of the panties’ appearing, conditional on his cheating on you, is 50 percent.  But if he is not cheating, there are some innocent explanations for how they got there.  It could be his panties, or it could be that a platonic female friend of his who stayed over one night.  The panties could be a gift to you that he forgot to wrap up.  None of these theories is inherently untenable, and collectively you put their probability at 5 percent.  Based on previous studies, it has been found that about 4 percent of married partners cheat on their spouses in any given year.       

With all the information, how like is it that you are being cheated on, given that you found the underwear?  

Solution  




Exercise

You just got off a full Boeing 747 with 300 passengers, each has 2 checked bags.  Now you are standing at the baggage retrieval carousel.  After 80% of the bags have already emerged, should you start worry?  To be more specific, what is the probability that your bag is misplaced by the airline?  According a report from the U.S. Department of Transportation, the worst airlines misplace roughly twenty out of every one thousand bags.

Solution



If we use  as the number of bags that have already emerged, we can express the conditional probability as a function of . 

Here is a plot of the function of of . 


[image: ]



Communication Skills Questions


· If one is infected with the disease, is it possible to receive a negative test result?
· How reliably does the test identify the disease if it is present?
· If one is not infected with the disease, is it possible to receive a positive test result?
· How reliable is the test with respect to false positive results?
· How frequent is the disease based on public health data? 





1,000
people


15
cancer 


985
no cancer


886
negative


99
positive


3
negative


12
positive




















































1,000
men


40
cheaters 


960
non-cheaters


912
none


48
panties


20
none


20
panties 




















































600
bags


12
misplaced 


588
normal


480
emerged


108
not emerged


0
emerged


12
not emerged 




















































1,000
people


5
cancer 


995
no cancer


985
negative


10
positive


0
negative


5
positive



















































image1.emf
100 200 300 400 500 600

x

0.2

0.4

0.6

0.8

1.0

conditional probability


