ACTIVITY #2: THE BIRTH OF THE EARTH SYSTEM AND THE CONVECTION PARADIGM

A Geophysical Discussion of the Universal Phenomenon of Convection
Type of Activity: a combination lecture sequence + problem set

Context: for first portion of lecture sequence: an introductory course in geoscience

Context: for second portion of lecture sequence and problem set: an advanced course in geophysics (students should have seen partial derivatives, the diffusion eq’n)
Goals: illustrate the importance of convection throughout the Earth System; and, 

            provide a mathematical / physical basis for further study of convection
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ACTIVITY #2.
The Birth of the Earth System: 
Convection as the New Geophysical Paradigm
Solutions to Problem Set
1.  The viscous drag force per unit volume is 
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where the fluid density, velocity, and kinematic viscosity (in units of cm2/sec) are (, 
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, and (, respectively.  The advective acceleration (force per unit mass) is 
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implying the force per unit volume is 
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So, the ratio of these forces per unit volume is 
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Scaling the numerator and denominator yields, under the simplest conditions,  
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[V] / [(/L] , 

thus 
[VL] / [(] . 

2.  The desired density gradient (((/(x, if x is eastward distance) will be that one for which 
D(/Dt  (  0  ,

where D/Dt symbolizes the total (material) derivative, since the total derivative measures the change in the property (e.g. density) within a parcel as you move with the parcel.    

By definition, 

D(/Dt  =  ((/(t  +  
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And, the problem specifies that 
((/(t  =  0.1 gm/cm3 per day 
at the mouth of the channel.  The current velocity is given by 
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where 

vx  =  11.2 cm/sec.  

For this problem, then, 
D(/Dt  =  ((/(t  +  vx
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with D(/Dt  (  0 we can solve for the density gradient, yielding 

((/(x  =   ((/(t / vx  =  …  =  0.01 gm/cm3 per km  .  
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3.  The viscosity of water is 0.01 cm2/sec.  With Re =  VL / ( , we find (i) in mid-ocean, Re = 108 for the upper 1 km of the ocean; and (ii) in the Susquehanna River, V ~ 50 cm/sec and L ~ 2 m (in springtime), so Re = 106.  We conclude that mid-ocean wind-driven circulation should definitely be turbulent, and even the springtime Susquehanna is likely to be a turbulent flow.  

4.  The ‘traditional’ Rayleigh number, i.e. for ‘heated-from-below’ convection situations, is 
Ra  =  [g (P ( L4] / [(k]  , 

whereas the Rayleigh number for convection with internal heat sources is 

Ra  =  [g (P L4] / [(k]  times [(L]/[kCP]  . 

The Earth’s mantle has a viscosity ( ~ 1022 cm2/sec, thermal diffusivity k ~ 0.01 cm2/sec, coefficient of thermal expansion (P ~ 2(10-5 /(C, radiogenic heat production ( ~ 10-15 cal/gm-sec, specific heat CP ~ 0.3 cal/(C-gm, and typical density ~ 4.4 gm/cm3.  For the Moon, we take g ~ 1000/6 cm/sec2 and L ~ 2900 km / 4 ~ 750 km as indicated in the problem set-up.  
Consequently, the traditional Rayleigh number is 109(, if the superadiabatic temperature gradient ( is in (C/cm.  Thus, if the lunar interior temperature gradient exceeds the adiabatic by 1(C per 10 km (( > 10-6), Ra will exceed the critical value of ~ 103, and convection is probable.  Since the adiabat in Earth’s mantle is ~ 0.5(C / km, the lunar adiabat is probably ~ 0.1 (C / km; thus the lunar gradient must exceed the adiabat by ~ 100% in oder for convection to occur.  All this is a somewhat contorted and uncertain chain of reasoning, and to boot it does not appear likely that Ra will exceed the critical value.  That is, from the traditional Rayleigh number we cannot say whether the lunar interior sustains convection.  
But the conclusion is unequivocal using the ‘heated-from-within’ Rayleigh number.  Substituting all parameter values in, we find Ra ~ 2.5(104, which is clearly in excess of 103.  The lunar interior should be convecting!  
As a final comment, we note that Apollo astronaut measurements on the Moon revealed qz  ~ 0.5 heat flow units, which is one-third that of Earth.  
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