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ACTIVITY #1.
Theoretical Investigation of Cooling Times
Solutions to Problem Set
1.  Because (as the problem states), the heat is conducted through the windows, the room size is irrelevant.  Converting to Celsius, the temperatures are either 18⅓(C or 22⅓(C on the inside surface of the glass and 0(C on the outside surface.  A side view of the window would look like


[image: image1]
Heat will flow from hot to cold, i.e. from the inside to the outside across the window.  Fourier’s Law can be written 
qx  =  K (T/(x   .

Using K ~ 6(10-3 cal/cm-sec-(C (other values are possible) and (x = 3 cm, the heat flux is either 3.666(10-2 cal/cm2-sec or 4.466(10-2 cal/cm2-sec.  Since heat flow is heat per unit area per time, the net heat flowing across the window (area = 6 m2) is 2200 cal/sec or 2680 cal/sec.  Per day (86400 sec), the heat escaping the room is 1.9008(108 cal or 2.3155(108 cal.  Thus, the savings from keeping the room at the lower temperature is 4.15(107 cal per day!
2.  A sketch of the situation is very useful here.  And it should be noted that students attempting to avoid calculus are likely to end up with the wrong answers.  
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This is a straightforward application of Fourier’s Law: 
qx  =  K dT/dx  ,

where the x-direction is increasing to the west (left in the above sketch).  The hard part – once the student accepts that calculus is necessary (try the problem without calculus – it’s amazing how wrong the answers will be if (x is not small…) – is recognizing the units implicit in the formula 
                                 T  =  -0.5x2  + 30x + 10(
where T is in degrees Centigrade and x is distance in kilometers.  For T to be in units of (C, 30x must also be in units of (C, which means the “30” must have units of (C/km.  This also follows from calculating the derivative of the function: 
dT/dx  =  -x + 30.  

By the way, this derivative has the value +30 (C/km at the east edge of the sill, and          -10 (C/km at the western edge.  Substituting these values into Fourier’s Law, using consistent units (e.g., cgs units, and noting 1 heat flow unit = 10-6 cal/cm2-sec) and a value of 6(10-3 cal/cm-sec-(C for K, we find 
qx  =  - 1.8 hfu                          at x = 0, 

thus, heat is flowing in the –x direction (to the east) there, and 

qx  =  + 0.6 hfu                         at x = 40, 

thus, heat is flowing in the +x direction (to the west) there.

The interpretation of these results is simple: heat is flowing out of the sill, on both sides.  Plotting the temperature versus x, it is clear that the sill is hotter within than at its edges, and the heat is flowing from hot to cold, as the sill cools! 

3.  The typical radiogenic heat production, (, of granite is ~ 2(10-13 cal/gm-sec; that of basalt is 2(10-14 cal/gm-sec.  Using an ‘average’ value of 0.8(10-13 cal/gm-sec, and taking the mass of the Earth to be ~ 6(1027 gm, then the amount of heat produced within the entire Earth would be 4.8(1014 cal/sec if all regions of the Earth had the same (.  If the Earth were in a steady state, that precise amount of heat per time must also leave the Earth through its outer surface.  The amount leaving each cm2 of Earth’s surface would be 4.8(1014 cal/sec divided by 4(((Earth’s radius squared), or … 9.4(10-5 cal / cm2-sec = 94 hfu, much larger than the observed ~ 1.5 hfu world-wide.  We must conclude that the interior cannot be as radiogenic as the crust, that the crust got – and continues to get – most of the radiogenic minerals.  
4.  As derived in the lectures, the typical time for a significant change in the temperature of a body of size L (i.e. as it cools off or heats up) will be 
~ L2 / k   ,
where k is the thermal diffusivity of the body.  (Note that the actual temperature is, as with any diffusion process, irrelevant – diffusion depends on temperature differences.)  For igneous rocks, the value of k (( K/(CP, where CP is the substance’s heat capacity and ( its density) is typically ~ 0.01 cm2/sec.  Given the dimensions and emplacement of the sill, we can expect most of the heat flow to be vertical (the greatest temperature difference and temperature gradient will be in the vertical direction).  Substituting in L = 0.3 km = 3(104 cm, we find the characteristic time for the sill to cool to be ~ 9(1010 sec, or ~ 2850 yr – geologically a short time, because the sill is so thin.  
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