From Words to Numbers: Teaching Geology Students how Equations are Born
Examples for introducing quantitative problem-solving

Gregory Hancock, College of William and Mary

In my experience, for many undergraduate geology students, mathematical equations describing the workings of geological processes are black boxes into which some numbers are inserted, and an unequivocally correct answer emerges.   The output from such equations is unquestioned in part because students generally do not understand that equations are developed for specific conditions and assumptions, and that one must question whether such assumptions are appropriate in a given situation. Students are increasingly being asked to solve quantitative problems, often by plugging numbers into equations provided in class or text.  This effort is positive, but in working such exercises, students may not be well trained to question the applicability of an equation to a given situation, or be prepared to tackle fuzzy “real-world problems” for which an equation cannot be simply selected from a textbook [Harte, 1985; Harte, 2001].  

I would argue that one way to train students to both question the validity of equations in a given situation and to learn that they do not simply materialize out of the ether is to actually teach them the process of how equations are born.  In several classes, we utilize simple geologic systems, and start with a word statement of the problem are interested in solving.  With some clearly expressed assumptions, we then begin the process of translation those words into numbers. 

Translation from words to numbers

The derivation of many equations starts with some form of conservation - energy, mass, etc.  The following shows an example of applying conservation of mass to determine the concentration of a contaminant being introduced into a lake, and illustrates the steps taken in developing an equation:

1) expressing the problem in words

Example: We are dumping contaminated water into a lake.  What will be the concentration of this contaminant in the lake as a consequence?

2) making a sketch of the problem situation, including defining the “box” within which you are going to keep track of things, the “stock” that you are going to track, and the “flows” of that stock in and out of your box.

Example: 
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3) transcribe the flows and stock into equations that have the proper units

Example: 

Here, we have stated that we will keep track of the mass in the lake, so need to have flow in units of mass/time and stock in mass

stream flow in = QinCin

contaminated flow in = QcCc
stream flow out = QoutClake

total mass in lake = ClakeVlake

4) group together into a balance equation (here, mass balance equation)

Example:
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5) decide on appropriate assumptions

Example:

Here, the question asked, “what will be the concentration...”, does not imply when we would like to know the concentration, but presumable we’d like to know it at its maximum.   One way to assess this would be to assume steady state conditions, where the in and out flows of the contaminant (and the water) are equal, and there is no net change in the stock of the contaminant in the lake.  In this case:
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6) solve the equation for the quantity desired

Example:

Here, we want to know the concentration in the lake.  Simple rearrangement yields:
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What to do with it now?

Now that the students see how this equation might be developed from scratch, one can ask several questions:

- What are the important quantities that would need to be measured or known for prediction?

- How does the end concentration change with increases/decreases of inflows/outflow volumes and concentrations?

- What are the limitations of this equation, particularly the steady state assumption?

- Are there potentially other inflows/outflows we haven’t considered?  Perhaps lake bacteria metabolize the contaminant, for instance - how would one deal with this?

- What will happen to the concentration if another factory comes in and starts to discharge contaminated water to the lake? 

Benefits of teaching the translation from words to numbers

There are several important benefits to teaching this process.  The students:

1) begin to see that equations are created in a systematic way that they can understand, rather than being mysterious creatures beyond their comprehension

2) learn how to start with simple but systematic verbal descriptions of complex problems

3) grapple with the importance of assumptions that allow the development of many equations, and how these assumptions limit the validity of the equations to a specific set of circumstances (this is a critical lesson, as students in most cases do not consider whether an equation is valid for the application to which they apply it)

4) see connections and similarities in the development of equations in otherwise disparate applications (e.g., equations for diffusion of hillslopes and changes in groundwater head in an aquifer are nearly the same, and obey the same basic mass balance principles) 

Potential pitfalls

Teaching this process is time consuming, and requires careful attention to detail.  One may spend an entire 50 minute class developing one equation, and so “content” conveyed may not be as extensive.  Because undergraduates are rarely exposed to this process, they may think it tedious and unnecessary (if we have the equation, why do we need to know how it came about?).  I have received comments like, “Isn’t this supposed to be a geology class??”.  

Example topics

I have used class time to develop, from scratch, several equations that students then attempt to use. Some example equations include:

- the “erosion equation” (Surface Processes)

- hillslope diffusion equation (Surface Processes)

- 3-D groundwater head equation (Hydrology)

- energy balance equation for predicting lake evaporation (Hydrology)

- concentration of contaminants in a lake (Hydrology - see attached example)

- radiation balance for predicting Earth surface temperature (Environmental Geology - see attached example) 
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EXAMPLES

From an upper-level hydrology problem set (Greg Hancock, William and Mary):
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In this problem, the control volume is the lake with a volume Vlake, and the quantity to be conserved is the mass of caffeine, Mc, in the control volume.  In addition, organisms in the lake water metabolize the caffeine (i.e., remove caffeine mass) at a rate that depends on the concentration:
[image: image6.wmf]  

dC

lake

dt

=

-

l

C

lake

.

a) (2 pts) Please describe, in words, the inputs, outputs, sources and/or sinks of caffeine mass for the control volume.

b) (3 pts) Now, write out equations for each of the inputs, outputs, source and/or sink terms so that each has units of mass/time.

c) (2 pts) Combine these terms into a conservation equation for our control volume. 
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d) (5 pts) Now, the good stuff…We are interested in the concentration of caffeine in the lake so that we can assess whether this concentration is dangerous to the environment.  Assuming the system is in dynamic steady state and starting with your conservation equation, develop an equation that would allow you to predict the concentration, Clake, in the lake if you measured or knew everything else.

EXTRA CREDIT.  (1 pts) Show that, if the system is in steady state, the residence time of caffeine in the control volume is identical to the residence time of water in the control volume.  Remember, 
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From a second-level Environmental Geology problem set (Greg Hancock, William and Mary)

1. The Earth’s Temperature.  
Some useful information:


Stefan-Boltzman equation:
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 = 5.67 x 10-8 Watts/(meter2 Kelvin4)
Solar constant, S = 1372 Watts/meter2

Earth albedo, a = 0.3


Glacial ice albedo, a = 0.4

a) (1 pt) On the circle at the upper right, please draw and label arrows showing the important energy fluxes into and out of the Earth system.

b) (3 pts) Make a calculation of what the Earth surface temperature should be, assuming the only role of the atmosphere is to reflect radiation.  Please show your work, including deriving an equation relating temperature to the other variables.

c) (1 pt) Whew….that’s cold.  Maybe there is a feedback, too. If the Earth surface was that cold, and became covered by glacial ice, how much colder would the temperature get?

d) (2 pts) What basic assumption allows you to make the temp. estimates in b and c?

1) A Starbucks coffee shop discharges wastewater at a rate of Qp (with dimensions of volume/time) into a lake.  This discharge has caffeine in it, with a concentration of caffeine we’ll call Cp, with dimensions of mass/volume. There is natural stream inflow to the lake at a rate Qs, and this flow has no caffeine in it.  All the water flows out of the lake at the downstream end at a rate Qout.  The lake is at steady state, with all flows being constant, all of the caffeine dumped in is rapidly well mixed throughout the lake, and remains dissolved in the water.
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