Spatial and Temporal Tracer Test Data Analysis
These two data sets could be collected using a soil column with tracer or contaminant injection at one end and extraction at the other. Similarly, these two data sets could be collected in the field with an injection/extraction system or simply a set of wells that allows monitoring along the direction of flow and transport.

For Both Problems use the data file provided:  RawData.xls

ANSWERS ARE BELOW IN BOLD & Discussion is in Italics
Students are encouraged to use a spreadsheet program. The answers to each problem should be clear and well explained. In your answers you may refer to a spreadsheet printout for numerical answers, but examples of relevant calculations and formulas must be presented in full for each answer (including moment calculations). 
Problem #1 Spatial Moment Analysis

Given: Distance (cm) and relative concentration (C/Co) data for a tracer plume at 30, 60, and 90 minutes. The time required to inject the tracer was 15 minutes.
A.  Plot snap-shots of the contaminant plume as relative concentration vs. distance for each time (one graph with concentrations from all three locations).  What can you observe about the graph?  Explain apparent differences in the three curves.  What factors may contribute to spreading at this scale?
ANSWER:
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The chart shows that as time increases the maximum concentration decreases.  The area under each curve is equal; however the curves are more spread out.  As the plume travels it spreads due to dispersion.  Based on the length scale (the chart shown here is in meters) the apparent dispersion is a result of macroscopic heterogeneity, such as aggregation, fractures and macropores.

B. Calculate the following spatial moments for each curve: 0th, 1st normalized and 2nd central, giving appropriate units for each.  What is the physical meaning of each of the three moments that you calculated?  What are some limitations of the moment analysis?
ANSWER:  See spreadsheet printout for full moment analysis.  Final answers are given below.
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These units are in cm, but other length units are acceptable. 
The units for the moments should increase as cm, cm2, and cm3 for the 0th, 1st, and 2nd. However, the normalized and centralized moments are normalized by the 0th, which decreases the power of the units by one. 

The method of moments is a statistical analysis used to calculate the expectation of a statistic for a random variable. This assumes that the data sets used are representative of the actual statistical distribution of the plume concentrations with respect to space. If this is acceptable, then the method of moments can be used to generate the statistics that describe the contaminant plume’s spatial distribution (ie. shape) at various times. 
0th Moment: Total mass in the system based on the sampled concentrations.

1st Moment, Normalized: The location of the center of mass of the plume.

2nd Central Moment: The spread of the plume about the center of mass.

The 0th moment is an integration of the concentration over the domain, which is a simple way to compute the total tracer mass of the system. The normalized 1st moment is a way of calculating the location of the center of tracer mass. It is the distribution of concentration over the spatial domain divided by the total mass, which serves to give an average location for the plume at that time. The rate of change of the normalized 1st moment with respect to time is actually the velocity of the plume. The centralized 2nd moment is used to calculate the spreading or dispersion for the plume. The centralized 2nd moment is the variance about the mean (center of mass) location. This computation is useful, because the central 2nd moment can be plotted versus time, and the slope (rate of change) is twice the dispersion coefficient. These calculations can be used to evaluate the development of the speed and shape of a tracer plume in the subsurface. They may also indicate aspects of nonideal plume transport, because of a mass loss/gain, differing average velocities, or a changing dispersion coefficient.
Limitations of moment analysis are that accuracy decreases with increasing order, as errors in data are compounded. Similar to other statistical analyses, there is an assumption that the monitoring data provides enough data to capture the behavior being monitored. For example, spatial monitoring of a plume in the subsurface may not characterize the complete spatial distribution of the tracer plume, because the location of the plume may be uncertain and the number and spread of wells may be limited.
C.  For each data set (30 min, 60 min, 90 min), determine the plume velocity for that specific set using the moments.  Assume the times given for each data set are taken from the beginning time of injection.  Make sure to adjust for the time of injection by having the time in your calculation begin at the average time of injection, not the beginning.  Compare these results to the velocity found by graphing the spatial position of the plume’s center of mass versus time, which is the average distance traveled versus time (velocity is the slope, which can be determined using linear regression by adding a trend line in excel). What is the significance of comparing the velocity over all three data sets?
Answer:  The velocity for the 30, 60 and 90 min sets is about 10 cm/min. The velocity found by the slope of the normalized first moment vs. time is 10 cm/min.
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The average plume velocity can also be calculated through data analysis. The distance that the half maximum concentration (see snapshot plot in A) has traveled divided by the time elapsed gives the velocity. For the 30 minute data, the half maximum (C/Co = 0.5) distance was 300 cm. This can be divided by the 30 minutes time elapsed to give a velocity of 10 cm/minute. This velocity was obtained for the 60 and 90 minute data sets in the same manner. Another method of calculation of plume velocity is plot of the normalized 1st moment vs. time (see above plot). The slope of this curve is the rate of change of the location of the center of mass through time or the average velocity. This method also gave a constant average velocity of 10 cm/minute. This type of observation may be used with other geologic and hydrogeologic data to conceptualize the subsurface heterogeneity or effective homogeneity (hydraulic conductivity based on Darcy’s Law). 
D.  Given the pulse width is 15 min, perform a mass balance.  A mass balance calculates the mass recovered during an experiment by dividing the output (mass extracted) by the input (mass injected).  However, a mass balance does not necessarily have to be a ratio of quantities of ‘mass’, which is convenient as the data provided are in relative concentration (C/Co where C is the output monitored concentration and Co is the concentration of the tracer injected).
Answer:  The mass balance should be a ratio of units of length.  The input ‘length’ is found by the avg. velocity * length of injection and the output ‘length’ is the zeroeth moment.  The mass balance is about 102%.

The 0th spatial moment is a computation of the total mass of the contaminant in the system. A mass balance can be obtained as the plume is transported, by comparing the 0th spatial moments at different times. All three 0th spatial moments turned out to equal the same value (153 cm). This means that mass was conserved and no chemical reactions or sink/sources have affected the transport of the plume. The (injection time) pulse width of 15 min. means a concentration of 1 (C/Co) was injected at a rate of 10 cm/minute for 15 minutes. The “mass in the system” is actually 15 min multiplied by 10 cm/min, or 150 cm of material. This leaves a discrepancy of 2 cm between the injection time calculation and the 0th spatial moment, which may be due to the discrete calculation of the moment integrals.
E.  Calculate the dispersion coefficient for the contaminant plume.  The dispersion coefficient is equal to ½ the slope of the graph of the second central moment versus time.  What are the units of the dispersion coefficient?  Does the dispersion coefficient change with time?  Do the sizes and shapes of the plume change over time, and why?

Answer: The slope of the second central moment vs. time is 25 cm2/min.  The dispersion coefficient is thus 12.5 cm2/min.  By looking at the ‘snapshot’ graph (A) it can be seen that D is constant over time: the plume spreads at a constant rate.  Also, the r^2 value of the regression of M2 vs time is 1.00, indicating that the relationship between M2 and time is very linear, and thus D is a constant.
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The dispersion coefficient for the contaminant plume was calculated from the analysis of the centralized 2nd spatial moments for the times 30, 60, and 90 minutes. The ½ the rate of change of the centralized 2nd spatial moment with respect to time is equal to the dispersion coefficient. A linear regression of the above plot of the centralized 2nd spatial moments vs. time (see attached) reveals a slope of 25, which is equal to twice the dispersion coefficient. So, the dispersion coefficient is determined to be a constant 12.5 cm2/min. The constant dispersion coefficient means that the rate of plume spreading is constant, or the plume shape is changing (spreading) in a constant manner over time. This type of observation with the constant velocity determined above may be also used with other hydrogeologic data to conceptualize the subsurface hydraulic conductivity heterogeneity or effective homogeneity. 

Problem #2:  Temporal Moment Analysis

Given: Breakthrough curve data (time in min, concentration in mg/L) for a tracer plume monitored at a single location over time along the direction of flow and transport (or effluent data from a soil column laboratory experiment).

F.  Plot the breakthrough curve (BTC) as relative concentration (C/Co) versus relative time in pore volumes or PV (use the given Q, injection time, total system pore volume, which is the total water contained in the system). What can you observe from the graph (ideal plug flow and nonreactive transport with little mixing or nonideal transport with adsorption and dispersion)?
Answer:
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The chart shows that as time increases concentration increases and then decreases (tracer arrival and elution), which suggests that we have monitored the tracer travel passed the monitoring location. The tracer was not in the system prior to injection and there is no remaining background tracer at the end.  The peak of concentration reached C/Co=1, which means the monitoring location was at the same concentration as the injection concentration. Both the arrival and elution curves are sloped, which indicates that the tracer plume had some spreading due to dispersion. The arrival and elution appear to have a similar amount of spreading. Additionally, the arrival of C/Co=0.5 should have been at about 1 PV for a nonreactive tracer, and the arrival of C/Co=0.5 was at about 2 PV, which suggests a delay in transport that might indicate adsorption of the tracer to the sediments.

G.  Calculate the following temporal moments from C/Co and relative time in PV: 0th, 1st normalized, and 2nd central.  Describe each conceptually.  What is the physical meaning of each of the three moments that you calculated?  What are the units of these moments?
Answer:
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0th Moment: Total mass that travels through system over time.

1st Moment, Normalized: Average time of the plume arrival

2nd Moment, Central: The spread of the plume over time

The temporal moments can be a useful tool in the analysis of breakthrough curve data. They are computed by substituting time in place of distance for each of the spatial moment equations. The 0th moment is a calculation of the total mass that has passed the sampling location in the time elapsed. The normalized 1st moment is a calculation of the time that the center of mass (average plume concentration) passed the sampling location or arrival time. The centralized 2nd moment is used to calculate the spreading of the average concentration with respect to time. The arrival time of the plume center of mass (norm. 1st moment) is not an accurate calculation for the time that it has taken for the plume to reach the sampling location from the injection (or spill) location. This travel time must be corrected so that it accounts for the time needed to spill or inject the tracer or contaminant. So, the arrival time is calculated by subtracting one half the injection time (or pulse width) from the arrival time.
H.  Determine the contaminant’s mean arrival time and hydraulic residence time (travel time).  The travel time must account for the time of the injection (describe each conceptually and compare with the graph from #F). 
Answer: The mean arrival time is equivalent to the first normalized moment.  This is the average time that the contaminant mass arrived at the sampling port from the beginning of injection.  The travel time is the arrival time minus the average time of injection.  In this case the MAT is 390 min (3.5 PV) and the MTT is 223 min (2.0 PV).  The difference is that the MTT was determined by subtracting ½ the injection time from the MAT. Compared to the BTC, the MAT appears to be the point where half the mass has reached the sampling port, and the MTT is the point at which C/Co = 0.5. 
MTT in PV (-) is also the retardation factor (reactive tracer travel time/nonreactive tracer travel time), because the nonreactive tracer travel time is = 1 PV, which is the total pore volume or hydraulic residence time to flush the system once. For this tracer, the retardation factor is 2, which suggests that the tracer transport was delayed by adsorption to sediments. 
I.  Perform a mass balance.
Answer: The mass balance is 100.00%.  As with the spatial analysis, a mass balance is completed by comparison of the output (measured at the monitoring location over time) with the amount of tracer injected. The tracer concentration is given and may be used, but it is not needed here. The product of the discharge and the time provides the volume of water injected (at C/Co of 1), and the injected volume divided by the total pore volume of the system provides the number of pore volumes that were injected = 3PV, which is the input. This can then be compared to the dimensionless zeroth moment, which is the output.
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